GORENSTEIN TORIC RINGS OF COMPRESSED 
CUT POLYTOPES 



HIDEFUMI OHSUGI 

Abstract. An integral convex polytope is said to be compressed if all of whose 
pulling triangulations (reverse lexicographic triangulations) are unimodular. It is 
known that the cut polytope of a graph G is compressed if and only if G has 
no i^5-minor and no induced cycle of length > 5. In this paper, compressed cut 
polytopes of graphs whose toric ring is Gorenstein are studied. We show that, if 
the cut polytope of a graph G is compressed, then its toric ring is Gorenstein if 
and only if either G is a bipartite graph or a chordal graph without bridges. 



Introduction 

Let G = (V, E) be a finite graph on the vertex set V = [n] = {1, 2, . . . , n} and 
the edge set E = {ei, . . . ,6^}. We assume that G has no loops and no multiple 
edges. Given S C [n], the cut semimetric on G induced by S is the 0/1 vector 
6g{S) = {dij I {i,j} eE)eW where 



1 if |5n{^,j}| = i, 

otherwise, 



for each {i, j} G E. In particular, we have 5^(0) = (0, . . . , 0) G M™. The cut polytope 
Cut°(G) of G is the convex hull of {5g{,S) \ S C [n]} C Z™. If S' = [n] \ S, then we 
have SciS) = dciS'). It then follows that Cut°(G') has 2"~^ vertices. As explained 
in [3], cut polytopes are well-known and important objects in discrete mathematics 
(graph theory, combinatorial optimization, and so on). 

Let K[k, t] = K[xi, . . . , Xm, t] denote the polynomial ring in m + 1 variables over 
a field K. The toric ring of the cut polytope V = Cut'^(G') is the subalgebra K[V] 
of i^[x, t] generated by those squarefree monomials x.H = such that 

a = (ai, . . . , Qm) is a vertex of V. We regard K[P] as a homogeneous algebra by 
setting each degx'^t = 1 and write F{K[V], A) for its Hilbert series. Then, 

where each hi & Z with hg ^ and where d = dim "P. The sequence {ho, hi, ... , hg) 
is called the h-vector of K[P]. If the toric ring K[P] is normal, then K[P] is Cohen- 
Macaulay. If K[V] is Cohen-Macaulay, then the vector of K[V] is nonnegative, 
i.e., each hi > 0. Moreover, if K[V] is Gorenstein, then the /i- vector of K[V] is 
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symmetric, i.e., hi = hg-i for all i. The cut polytope V is said to be Gorenstein if 
K[V] is Gorenstein. 

Sturmfels-Sullivant [lOj studied the toric rings of cut polytopes and their ap- 
plication to algebraic statistics. Especially, they showed that a clique sum of the 
graphs yields a toric fiber product [12j of the toric ideals of cut polytopes. They 
also gave several interesting conjectures on properties of the toric ideals of cut poly- 
topes. Inspired by them, many results are known on toric ideals and toric rings 
of cut polytopes. See, e.g., O El [71 [H |T3] . However, Sturmfels-Sullivant [TO] said 
that "We do not have a firm conjecture on the structure of those graphs whose cut 
ideal is Gorenstein." One of the reason for this difficulty is that Gorensteiness is 
not preserved under taking a clique sums of graphs (i.e., toric fiber product). It is 
known [7\ that, if G is a tree, then Cut°(G') is Gorenstein. However, no other result 
seems to be known for Gorenstein cut polytopes. An integral convex polytope is 
said to be compressed if all of whose pulling triangulations (reverse lexicographic 
triangulations) are unimodular. It is known [11] that the cut polytope of a graph G 
is compressed if and only if G has no i^s-minor and no induced cycle of length > 5. 
The purpose of this paper is to classify compressed cut polytopes whose toric ring 
is Gorenstein. 

The contents of this paper is as follows. In Section 1, together with graph theoret- 
ical terminology, we introduce a characterization of compressed cut polytopes given 
by Sullivant [H]. In Section 2, by using theory of special simplices, we show that, 
if the cut polytope Cut'^(G) of G is compressed, then its toric ring is Gorenstein if 
and only if either G is a bipartite graph or a chordal graph without bridges. 

1. Compressed cut polytopes 

In this section, we introduce the characterization of compressed cut polytopes 
studied in ^1] and [TOl Theorem 1.3] and give equations of facets of compressed cut 
polytopes. 

First, we introduce graph theoretical terminology. Let G be a graph with the 
vertex set V{G) = [n] = {1, 2, . . . , n} and the edge set E{G). We assume that G has 
no loops and no multiple edges. A cycle of length q (> 3) of G is a finite sequence 
of the form 

(1) r = {{Vi, V2}, {V2, V^}, . . . , {Vq, Vi}) 

with each {vk,Vk+i\ and {vq.Vi} belong to E{G) and Vi ^ vj for all 1 < z < j < g. 
An even (resp. odd) cycle is a cycle of even (resp. odd) length. A triangle is a cycle 
of length 3. A chord of a cycle (IT|) is an edge e G E{G) of the form e = {vi,Vj} 
for some 1 < i < j < q with e ^ E{C). An induced cycle of G is a cycle having 
no chords. Let e = {i,j} G E{G) be an edge of G. Then, the new graph G \ e on 
the edge set V{G) and the edge set E{G) \ {e} is called the graph obtained from 
G by deleting the edge e. On the other hand, the new graph G/e obtained by the 
procedure 

(i) Identify the vertices i and j; 

(ii) Delete the multiple edges that may be created while (i); 
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is called the graph obtained from G by contracting the edge e. A graph H is said 
to be a minor of G if it can be obtained from G by a sequence of deletions and/or 
contractions of edges (and deletions of vertices). 

Let Kn denote the complete graph with n vertices. Then the following character- 
ization is known ([11] and [101 Theorem 1.3]): 

Proposition 1.1. Let G be a graph. Then, the following conditions are equivalent: 

(i) Cut°(G) is compressed; 

(ii) Cut°(G) has a reverse lexicographic unimodular triangulation; 

(iii) G has no K^-minor and no induced cycle of length > 5. 

In addition, by Barahona-Mahjoub's formula [2\ together with Proposition 11.11 
we have the following: 

Proposition 1.2. Suppose that the cut polytope Cut^{G) of a graph G is com- 
pressed. Then, Cut'^(G) is the solution set of the following linear inequalities: 

< Xj < 1, (cj does not belong to any triangle of G), 

Xi Xj Xj^ < 0, {{ei,ej,ek} is a triangle ofG), 

Xi + Xj + Xk <2, ({cj, Cj, Cfc} is a triangle of G), 

< Xi + Xj + Xk — xi < 2, ({cj, Cj, Ck, Ci} is an induced cycle of G of length 4). 

Moreover, each of them defines a facet o/Cut°(G). 

2. GORENSTEIN CUT POLYTOPES 

In this section, by using theory of special simplices, we classify compressed cut 
polytopes whose toric ring is Gorenstein. In general, Gorensteiness is not preserved 
under the following operations of graphs: 

• taking a clique sums of graphs (i.e., toric fiber product [12]). 

• taking an edge contraction, 

• taking an edge deletion, 

• taking an induced subgraph. 

In fact. 

Example 2.1. Let Kn be the complete graph with n vertices and let Gm,n be a 
0-sum (i.e., glued at a vertex) of and Kn- By Proposition 11.11 Cnt^Kn is 
compressed if and only if n < 4. Moreover, Cut^G^.n is compressed if and only if 
m, n < 4. 

(a) Both Cut'^i^'2 and Cnt^K^ are Gorenstein (simplices). However, Cut°G2,3 
is not Gorenstein. 

(b) The cut polytope Cut^Gs^a is Gorenstein. However, Cut°G2,3 is not Goren- 
stein. Note that G2,3 is an induced subgraph of Gs^s. In addition, G2,3 is 
obtained by an edge contraction from Gs^a. 

It is known ^ that, if G is a tree, then Cut°(G) is Gorenstein. However, no other 
result seems to be known for Gorenstein cut polytopes. 

We now apply the theory of special simplices given by Athanasiadis. Let V C M*" 
be a convex polytope. A cZ-simplex S each of whose vertices is a vertex of V is called 
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a special simplex in V if each facet of V contains exactly d of the vertices of S. It is 
known ([DIS]) that 



Proposition 2.2. Let V be a compressed polytope. Then there exists a special 
simplex in V if and only if its toric ring K[V] is Gorenstein. Moreover, if there 
exists a special simplex in V, then h-vector of V is unimodal. 

From now on, we discuss the existence of special simplices. 

Lemma 2.3. Suppose that Cut'^(G') is compressed and possesses a special simplex S 
ofGvX^{G). If G satisfies one of the following conditions, then we have dimS = 1; 

(a) There exists an edge Ci of G such that no triangle of G contains Ci; 

(b) G has an induced cycle of length 4- 

Proof. Suppose that there exists an edge Cj of G such that no triangle of G contains 
Cj. By Proposition ll.2[ the inequality < Xj < 1 defines two facets J-' and J-"' of 
Cut'^(G). Note that each vertex of Cut°((j) belongs to exactly one of J-' and J-''. 
Thus, the special simplex S has exactly two vertices. 

Suppose that G has an induced cycle of length 4. By Proposition [L2l the inequal- 
ity < Xi + Xj + Xk — xe < 2 defines two facets J-" and of Cut°(G'). Since each 
vertex of Cut°(G) belongs to exactly one of J-' and J-"', the special simplex E has 
exactly two vertices. □ 

Lemma 2.4. Suppose that Cnt^{G) is compressed and possesses a special simplex 
S o/Cut°(G). If G has a triangle, then we have dimS = 3. 



Proof. Let G = {cj, e^, e^} be a triangle of G. By Proposition II. 2[ there are 4 facets 
of Cut'^(G') arising from G: 

J~ 2 '• Xj — Xi — Xk ^0, 
• X}^ Xi Xj ^ 0, 

T^: Xi + Xj + Xk <2. 

For each vertex (xi, . . . , Xm) £ {0, 1}™ of Cut°(G), possible (x,, Xj, Xfc)'s are (0, 0, 0), 
(0, 1, 1), (1, 0, 1) and (0, 1, 1). Moreover, it follows that 

{Xi, . . . ,Xm) ^ J^l ^ {Xi,Xj,Xk) = (0,1,1), 

{Xi,...,Xm) i J^2 ^ = (1,0, 1), 

{Xi,...,Xm) ^J^Z {Xi,Xj,Xk) = (1,1,0), 

{Xi,. . . ,Xm) i J^i ^ {Xi,Xj,Xk) = {0,0,0). 

Thus, the special simplex S has exactly four vertices, as required. □ 

A graph G is called a bipartite graph if there exists a bipartition V{G) = V^i U V2 
such that any edge of G connects a vertex of Vi and a vertex of V2. It is known that 
G is bipartite if and only if G has no odd cycle. A graph G is said to be chordal if G 
has no induced cycle of length > 4. An edge e of G is called a bridge if there exists 
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no cycle of G containing e. It is easy to see that a chordal graph G has no bridges 
if and only if 

E{G) = U E{C). 

C: triangle of G 

We now come to a main result of the present paper. 

Theorem 2.5. Let G he a graph. Suppose that the cut polytope Cut°(G) of G is 
compressed. Then Cut°(G) has a special simplex (i.e., Cu.t^{G) is Gorenstein) if 
and only if G satisfies one of the following: 

(i) G is bipartite; 

(ii) G is a chordal graph without bridges. 

Proof. Suppose that Cut°(G') is compressed. 

(^) Suppose that Cut°(G') has a special simplex S. If G is not bipartite, then G 
has an odd cycle. Since G has no induced odd cycle of length > 5, G has a triangle. 
By Lemma [2.41 we have dimS = 3. Since dimE ^ 1, G satisfies neither (a) nor (b) 
in Lemma [2.31 Thus, G is chordal and, for each e G E{G), there exists a triangle G 
of G such that e e E{G). 

(<^=) Suppose that G is bipartite. Let V{G) = Vi U V2 be a bipartition of V{G) 
and let E{G) = {ei, . . . , Cm}- We will show that the simplex S = Conv(0, 1), where 

= (0, . . . , 0) and 1 = (1, . . . , 1) is a special simplex. Note that, both 5^(0) = 
and 5g{Vi) = 1 are vertices of Cut'^(G). By Proposition 11.21 the facets of Cut'^(G') 
are defined by the following inequalities: 

0<Xi<l, il<i<m), 
< Xi + Xj + Xk — xi < 2, ({cj, Cj, Ck, ei} is a cycle of G). 

For each facet J-" of Cut'^(G'), exactly one of and 1 belongs to J-". Thus, E is a 
special simplex. 

On the other hand, suppose that G is chordal and, for each e G E{G), there 
exists a triangle G oi G such that e G E{G). Since G is chordal and has no K^, as 
a subgraph, G is four-colorable (see, e.g., Let V{G) = Vi U V2 U V3 U V4 be 

a four coloring of G. We define the vertex Uj of Cut°(G) by Uj = SciVi) for each 

1 = 1,2,3,4. We will show that S = Conv(ui, U2, U3, U4) is a special simplex of 
Cut°(G'). By Proposition 11.21 the facets of Cut°(G) are defined by the following 
inequalities: 

Xi — Xj — Xfc < 0, ({cj, Cj, Ck} is a triangle of G), 
Xi + Xj + Xfc < 2, ({cj, Cj, Ck} is a triangle of G). 

Let G = {cj, Cj, Ck) be a triangle of G where = {s, t}, Cj = {t, u} and = {s, u}. 
There are 4 facets arising from G: 

]^ • 3/ 2 X j X If; ^ 

^2 ■ Xj - Xi - Xk < 0, 
*^ 3 • '^fc Xi Xj ^ 0, 

J-4 : + Xj + Xfc < 2. 
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Without loss of generality, we may assume that s G V2, t G V3 and m G V4. Then, 

Ui,U2,U3 e J'l,U4 ^ J^i, 

Ui,U3,U4 e J'2,U2 i 72-, 

Ui,U2,U4 e ^"3,^3 ^ J'g, 

U2, U3, U4 e J'4, Ui ^ J'4. 

This discussion is independent of the choice of a triangle of G. Thus, S is a special 
simplex, as desired. □ 

Example 2.6. The following graphs satisfy the condition in Theorem 12.51 

• Trees; 

• 2 X m bipartite graphs; 

• 2-connected chordal graphs having no as a subgraph. 
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